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$H(p_{\mathrm{b}} \cdots,p_{N}, q_{\mathrm{b}}\cdots,q_{N})=\sum_{j=1}^{N}g_{j}(q_{\mathrm{b}}\cdots,q_{N})(p_{j}^{2}+U_{j}(q_{j}))$ (1)
Hamilton $U_{j}(q_{j}),j=1,$ $\cdots,$ $N$,
Hamilton (1) Hamilton-Jacobi
$N\cross N$
$\det \mathrm{S}\neq 0$, $\sum_{k=1}^{N}s_{j,k}(q_{k})g_{k}(q_{\mathrm{b}}\cdots,q_{N})=\delta_{j,1}$ , (2)
$s_{j,k}$ $q_{k}$ I
$\mathrm{S}$ Stickel $g_{j}(q_{\mathrm{b}}\cdots,q_{N})$ $\text{ }$
(1) St\"ackel (2) $\mathrm{S}$ $\mathrm{S}^{-1}=[c_{j,k}]$ 1
$g_{k}(q_{\mathrm{b}}\cdots,q_{N})=c_{k,1}$ , $k=1\cdots,N$, (3)
$g_{1}$
. $=1,$ $i=1,$ $\cdots,$ $N$ Liouville
$I_{k}=I_{k}(p_{1}, \cdots,p_{N}, q_{1}, \cdots, q_{N}),$ $k=1,$ $\cdots,$ $N$
$(\mathrm{S}^{-1})^{T}(\begin{array}{l}p_{1}^{2}+U_{1}(q_{1})\vdots p_{N}^{2}+U_{N}(q_{N})\end{array})=(\begin{array}{l}I_{1}\vdots I_{N}\end{array})$ . (4)
1. (cf. [10]) $I_{k}$ Hamilton $I_{1}$ Hamiltonian
(I1=H)
1 St\"ackel $\dot{\mathrm{a}}$ “Liouville-Arnold ’
194
2.2 Stickel
$\{p_{j}, q_{j}\}_{j=1\cdots N}$ $2N$ $\mathcal{M}$ $t$
$q_{N+1}=t$ $p_{N+1}=-H$ ( $H$ )
$\mathcal{M}$
$p_{N+1},$ $q_{N+1}$ $(2N+2)$ $\mathcal{M}_{\mathcal{E}}$ “ “
$[8,14]$
$\mathcal{M}_{\mathcal{E}}$ Hamilton
$\mathcal{H}(p_{\mathrm{b}}\cdots,p_{N+1}, q_{\mathrm{b}}\cdots,q_{N+1})=H(p_{\mathrm{b}}\cdots,p_{N}, q_{\mathrm{b}}\cdots,q_{N})-E$ (5)
$[8, 14]$ $p_{j},$ $q_{j},j=\mathrm{L}\cdots,N$
$\frac{dp_{j}}{dt}=-\frac{m(p_{\mathrm{b}}\cdots,p_{N+1},q_{\mathrm{b}}\cdots,q_{N+1})}{\partial q_{j}}$ , $\frac{dq_{j}}{dt}=\frac{m(p_{\mathrm{b}}\cdots,p_{N+1},q_{\mathrm{b}}\cdots,q_{N+1})}{\partial p_{j}}$ (6)
. Hamiltonian $H(p_{\mathrm{b}}\cdots,p_{N}, q_{\mathrm{b}}\cdots,q_{N})$ Hamilton
$q_{N+1}=t$ $p_{N+1}=-E$ 1
$E$ Hamilton (6) $E$
$\mathcal{H}(p_{\mathrm{b}}\cdots,p_{N+1}, q_{\mathrm{b}}\cdots,q_{N+1})\equiv 0$
Tsiganov[14] $\mathcal{M}_{\mathcal{E}}$
$\{p_{\mathrm{b}}\cdots,p_{N},p_{N+1}, q_{\mathrm{b}}\cdots,q_{N},q_{N+1}\}\vdash{p_{\mathrm{b}}\cdots,p_{N},\tilde{p}_{N+1}, q_{\mathrm{b}}\cdots,q_{N},\tilde{q}_{N+1}\}$ ,
$p_{N+1}=-E$ , $\tilde{p}_{N+1}=-\tilde{E}$ , $q_{N+1}=t$ , $\tilde{q}_{N+1}=\tilde{t}$ (7)
$v(q_{1}, \cdots, q_{N})$
$t\vdash*\tilde{t}$, $d\tilde{t}=v(q_{1}, \cdots q_{N})dt$ ,
$E\}arrow\tilde{E}$ , $\tilde{E}=v^{-1}(q_{1}, \cdots q_{N})E$ (8)
$\mathcal{M}$ Hamilton (6) (7)
$\frac{dp_{j}}{d\tilde{t}}=v^{-1}(q_{\mathrm{b}}\cdots,q_{N})(\frac{dp_{j}}{dt}+\tilde{E}\frac{\partial v(q_{\mathrm{b}}\cdots,q_{N})}{\partial q_{j}})$ ,





$\frac{dq_{j}}{d\tilde{t}}=\frac{\partial\tilde{H}(p_{\mathrm{b}}\cdots,p_{N},\tilde{p}_{N+1},q_{\mathrm{b}}\cdots,q_{N+1},\tilde{q}_{N+1})}{\partial p_{j}}$ , $j=1,2\cdots,N$ , (10)
$\tilde{\mathcal{H}}(p_{1}, \cdots,p_{N},\tilde{p}_{N+1}, q_{1}, \cdots, q_{N},\tilde{q}_{N+1})$ $=$ $v^{-1}(q_{\mathrm{b}}\cdots,q_{N})\mathcal{H}(p_{1}, \cdots p_{N+1}, q_{1}, \cdots q_{N+1})$
$\equiv$ $0$
$\mathcal{M}_{\mathcal{E}}$ (7) Hamilton Hamilton
Stikel St\"ackel
1[14] 1 2 St\"ackel $\mathrm{S}_{\text{ }}\tilde{\mathrm{S}}$
$s_{1}\neq\dot{\theta}\tilde{s}_{1\dot{o}}$ , $s_{ki}=\tilde{s}_{k\dot{o}}$ , $k\neq 1$ ,
St\"ackel (4) Hamilton $I_{1},\tilde{I}_{1}$
$U_{j}(q_{\mathrm{j}})$ $\mathcal{M}_{\mathcal{E}}$ (7) (8)
$I_{1}=H(p_{\mathrm{b}}\cdots,p_{N}, q_{\mathrm{b}}\cdots,q_{N})\vdash+\tilde{I}_{1}$ $=$ $\tilde{H}(p_{\mathrm{b}}\cdots,p_{N}, q_{\mathrm{b}}\cdots,q_{N})$
$=$ $v^{-1}(q_{\mathrm{b}}\cdots,q_{N})I_{1}$ ,
$dt\vdasharrow d\tilde{t}=v(q_{\mathrm{b}}\cdots,q_{N})dt$ , (11)
$v(q_{\mathrm{b}} \cdots,q_{N})=\frac{\det\tilde{\mathrm{S}}(q_{\mathrm{b}}\cdots,q_{N})}{\det \mathrm{S}(q_{\mathrm{b}}\cdots,q_{N})}$ (12)
$\blacksquare$










$\mathcal{H}_{kepl-1}(p_{x},p_{y},$ $-E_{kepl},$ $x,$ $y,$ $t7= \frac{1}{2}(p_{x}^{2}+p_{y}^{2}+p_{z}^{2})-\frac{K^{2}}{\sqrt{x^{2}+y^{2}+z^{2}}}-E_{kepl}$ (14)
$E_{kepl}$ $\mathcal{H}_{kepl-1}(p_{x},p_{y},p_{z},$ $-E_{kepl},$ $x,$ $y,$ $z,$ $t\gamma\equiv 0$
$K$ $\mathcal{M}$ KustaanheimO-Stiefel(KS) (cf.
[13], p.24)
$x=q_{1}^{2}-q_{2}^{2}-q_{3}^{2}+q_{4}^{2}$ , $y=2(q_{1}q_{2}-q_{3}q_{4})$ , $z=2(q_{1}q_{3}+q_{2}q_{4})$
$p_{x}= \frac{1}{2}\frac{p_{1}q_{1}-p_{2}q_{2}-p_{3}q_{3}+p_{4}q_{4}}{q_{1}^{2}+q_{2}^{2}+q_{3}^{2}+q_{4}^{2}}$ , $p_{y}= \frac{1}{2}\frac{p_{1}q_{2}+p_{2}q_{1}-p_{3}q_{4}-p_{4}q_{3}}{q_{1}^{2}+q_{2}^{2}+q_{3}^{2}+q_{4}^{2}}$ ,
$p_{z}= \frac{1}{2}\frac{p_{1}q_{3}+p_{2}q_{4}+p_{3}q_{1}+p_{4}q_{2}}{q_{1}^{2}+q_{2}^{2}+q_{3}^{2}+q_{4}^{2}}$ , $0=p_{1}q_{4}-p_{2}q_{3}+p_{3}q_{2}-p_{4}q_{1}$ (15)
Hamilton (14) Hamilton
$\mathcal{H}_{kepl-2}(p_{1},$ $p_{2},$ $p_{3},$ $p_{4},$ $-E_{kepl},$ $q_{1},$ $q_{2},$ $q_{3},$ $q_{4},$ $t\gamma$
$= \frac{1}{8}\frac{p_{1}^{2}+p_{2}^{2}+p_{3}^{2}+p_{4}^{2}}{q_{1}^{2}+q_{2}^{2}+q_{3}^{2}+q_{4}^{2}}-\frac{K^{2}}{q_{1}^{2}+q_{2}^{2}+q_{3}^{2}+q_{4}^{2}}-E_{kepl}\equiv 0$, (16)
$t$ $\tilde{t}$ Hamilton (16)
St\"ackel 4
$((\tilde{\mathrm{S}}_{1})^{-1})^{T}(p_{3}^{2}p_{4}^{2}p_{2}^{2}+U_{2}(q_{2})+U_{4}(q_{4})+U_{3}(q_{3})p_{1}^{2}+U_{1}(q_{1}))=(\begin{array}{l}I_{1}I_{2}I_{3}I_{4}\end{array})$ ,
$I_{1}=\mathcal{H}_{kepl-2}(p\iota p\mathrm{a}p p_{4}-E_{kepb}q_{\mathrm{b}}q\mathrm{a}q q_{4}t\gamma$ (17)







$\mathcal{H}_{o\epsilon \mathrm{c}}(p_{\mathrm{b}}p_{3}p p_{4}-E_{o\epsilon \mathrm{c}}, q_{1},q_{\mathfrak{B}}q q_{4}t)=\frac{1}{4}(p_{1}^{2}+p_{2}^{2}+p_{3}^{2}+p_{4}^{2})-2K^{2}-E_{os\mathrm{c}}$ ,
$E_{os\mathrm{c}}=2E_{kepl}(q_{1}^{2}+q_{2}^{2}+q_{3}^{2}+q_{4}^{2})$, (20)
t $K^{2}$ $\mathcal{H}_{o\epsilon \mathrm{c}}(p_{1},p_{2},p_{3},p_{4}, -E_{o\epsilon \mathrm{c}}, q_{1}, q_{2}, q_{3}, q_{4}, t)\equiv$
$0$ 4 4
$(\mathrm{S}_{1}^{-1})^{T}(p_{1}^{2}p_{3}^{2}p_{2}^{2}p_{4}^{2}$ $U_{4}(q_{4})U_{3}(q_{3})U_{2}(q_{2})U_{1}(q_{1}))=(\begin{array}{l}J_{1}J_{2}J_{3}J_{4}\end{array})$ , $J_{1}=\mathcal{H}_{os\mathrm{c}}(p_{1},p_{2},p_{3},p_{4}, -E_{o\epsilon \mathrm{c}}, q_{1}, q_{2}, q_{3}, q_{4}, t)(21)$
St el $\mathrm{S}_{1}$
$\mathrm{S}_{1}=(\begin{array}{llll}11 1 \mathrm{l} |\mathrm{l}-\mathrm{l} 0 0 0\mathrm{l} -1 0 00 1 -\mathrm{l} \end{array})$ (22)
Hamilton (16) (20) $U_{1}(q_{1}),$ $U_{2}(q_{2})$ 1
Stikel $\mathrm{S}_{1},\tilde{\mathrm{S}}_{1}$
1 $\mathcal{H}_{os\mathrm{c}}(p_{1},p_{2},p_{3},p_{4}, -E_{o\epsilon \mathrm{c}}, q_{1}, q_{2}, q_{3}, q_{4}, t)$ $\mathcal{H}_{ke\mathrm{p}l-2}(p_{1},p_{2},p_{3},p_{4},$ $-E_{kepl},$ $q_{1},$ $q_{2},$ $q_{3},$ $q_{4},$ $t\gamma$
$\mathcal{M}_{\mathcal{E}}$
$f\ell_{o\epsilon \mathrm{c}}(p_{\mathrm{b}}p_{3}p\mathrm{a}p_{4}, -E_{o\epsilon \mathrm{c}}, q_{1_{\mathrm{J}}}q_{3}q\mathrm{a}q_{4}t)\equiv 0\vdash*\mathcal{H}_{kepl-2}(p_{\mathrm{b}}p\mathrm{a}p p_{4},$ $-E_{kepl},q_{\mathrm{b}}q_{3}q\mathrm{a}q_{4}t\gamma$
$=v_{1}^{-1}(q_{\mathrm{b}}q_{3}q q_{4})\mathcal{H}_{o\epsilon \mathrm{c}}(p_{\mathrm{b}}p_{3}p p_{4}, -E_{o\epsilon \mathrm{c}}, q_{\mathrm{b}}q\mathrm{a}q q_{4}t)$
$\equiv 0$ ,
$dt\vdash*d\tilde{t}=v_{1}(q_{1}, q_{2}, q_{3}, q_{4})dt$,
$v_{1}(q_{1}, q_{2}, q_{3}, q_{4})=2(q_{1}^{2}+q_{2}^{2}+q_{3}^{2}+q_{4}^{2})$ . (23)
$tarrow\tilde{t}$ “Kepler ” Kepler $\mathcal{M}_{\mathcal{E}}$
4
Kepler Hmiltonain(16) 2




Hamilton (14) (24) 3 Kepler
Runge-Lenz (25)
Kepler ” ” [7]
$p_{1},p_{2},p_{3},p_{4},$ $q_{1},$ $q_{2},$ $q_{3},$ $q_{4}$
a) Hamilton : $\mathcal{H}_{k\mathrm{e}pl-2}(p_{1},p_{2},p_{3},p_{4},$ $-E_{kepl},$ $q_{1},$ $q_{2},$ $q_{3},$ $q_{4},t\gamma$ ,
b)
$\mathrm{h}_{kepl}(p_{1},p_{2}, q_{1}, q_{2})=.(\frac{1}{2}\{\begin{array}{l}(p_{1}q_{3}-p_{3}q_{1})-(p_{2}q_{4}-p_{4}q_{2})(p_{1}q_{2}-p_{2}q_{1})+(p_{3}q_{4}-p_{4}q_{3})\end{array})\frac{1}{2}p_{4}q_{1}-p_{1}q_{4})^{T}$ , (26)
c) Runge-Lenz





$\mathcal{H}_{hh-1}(p_{x},p_{y}, -E_{hh}, q_{x}, q_{y}, t)=p_{x}^{2}+p_{y}^{2}+x^{2}+y^{2}+\frac{2}{3}x^{3}+2xy^{2}-E_{hh}$ (28)
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[11] $E_{h\ovalbox{\tt\small REJECT}}$ $\mathcal{H}_{hh-1}(p,,p_{\ovalbox{\tt\small REJECT}}, -E_{hh}, q_{x}, q_{\ovalbox{\tt\small REJECT}},t)\ovalbox{\tt\small REJECT} 0$ {
\nearrow -2/3 (28) Henon-Heiles
$\mathcal{M}$
$q_{1}= \frac{1}{2}(x+y)$ , $q_{2}= \frac{1}{2}(x-y)$ ,
$p_{1}=p_{x}+Pv$ , $p_{2}=p_{x}-p_{y}$ , (29)
Hamilton $\mathcal{H}_{hh-1}$ $t$ (
) Hamilton (28)
$\mathcal{H}_{hh-2}(p_{1}, p_{2}, -E_{hh}, q_{1}, q_{2}, t)=\frac{1}{2}(p_{1}^{2}$ $p_{2}^{2}+U_{1}(q_{1})+U_{2}(q_{2}))\equiv 0$ (30)
$U_{j}(q_{j})= \frac{16}{3}q_{j}^{3}+4q_{j}^{2}-E_{hh}$ , $j=1,2$ (31)
(30) $p_{1},p_{2},$ $q_{1},$ $q_{2}$ (28) (30)
Hamilton (30) St\"ackel 2 $K_{1},$ $K_{2}$
$K_{1},$ $K_{2}$
$(\mathrm{S}_{2}^{T})^{-1}(_{p_{2}^{2}+U_{2}(q_{2})}p_{1}^{2}+U_{1}(q_{1}))=(\begin{array}{l}K_{1}K_{2}\end{array})$ ,







Holt [6] 2 Hamilton $\mathcal{M}_{\mathcal{E}}$ Hamilton [11]
$\mathcal{H}_{h\iota t-1}(p_{\Phi}p_{w}-Ehlb\mathfrak{B}ut7=p_{x}^{2}+p_{y}^{2}+4\alpha^{2}x^{4/3}+\frac{9}{4}\alpha^{2}x^{-3/2}y^{2}+2\delta x^{-3/2}-2E_{hlt}$ (34)
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Holt $\alpha,$ $\delta,$ $E_{h1}$, $E_{h1}$, $\mathcal{H}_{h’ t-1}\ovalbox{\tt\small REJECT} 0$
Holt q
$q_{1}=x^{2/3}- \frac{1}{2\sqrt{3}\alpha}p_{y}$ , $q_{2}=x^{2/3}+ \frac{1}{2\sqrt{3}\alpha}p_{y}$ ,
$p_{1}=-p_{x}x^{1/3}+ \frac{3}{2}\alpha y$, $p_{2}=-p_{x}x^{1/3}- \frac{3}{2}\alpha y$ (35)
Hamilton (34) Stikel Hamiltonian
$\mathcal{H}_{hlt-2}(p_{1},p_{2},$ $-E_{hlt},$ $q_{1},$ $q_{2},$ $t7=(q_{1}+q_{2})^{-1}(p_{1}^{2}+p_{2}^{2}+U_{1}(q_{1})+U_{2}(q_{2}))\equiv 0$ (36)
$U_{j}(q_{j})=4\alpha^{2}q_{j}^{3}-2E_{hlt}q_{j}+2\delta$, $j=1,2$ (37)
(36) Hamilton Stikel 2 $L_{1},$ $L_{2}$
$L_{1},$ $L_{2}$
$(\tilde{\mathrm{S}}_{3}^{-1})^{T}(\begin{array}{l}p_{1}^{2}+U_{1}(q_{1})p_{2}^{2}+U_{2}(q_{2})\end{array})=(\begin{array}{l}L_{1}L_{2}\end{array})$ ,







(34) Hamilton Holt Hanilton
$\mathcal{H}_{\epsilon}(p_{1}, p_{2}, -E_{\epsilon}, q_{1}, q_{2}, t)=\frac{1}{2}(p_{1}^{2}+p_{2}^{2}+U_{1}(q_{1})+U_{2}(q_{2}))\equiv 0$,
$E_{\epsilon}= \frac{q_{1}+q_{2}}{2}E_{hlt}$ (40)
Stikel (37) $U_{1}(q_{1}),$ $U_{2}(q_{2})$ Holt
$\delta$ $\mathcal{H}_{\epsilon}(p_{1},p_{2}, -E_{s}, q_{1}, q_{2}, t)=0$ $t$
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2 $M_{1},$ $M_{2}$ $M_{1},$ $M_{2}$
$(\mathrm{S}_{3}^{-1})^{T}(_{p_{2}^{2}+U_{2}(q_{2})}p_{1}^{2}+U_{1}(q_{1}))=(\begin{array}{l}M_{1}M_{2}\end{array})$ ,




Holt Hamilton (40) St\"ackel
$\ovalbox{\tt\small REJECT}(q_{1}),$ $U_{2}(q_{2})$ 1 St\"ackel 1
$\mathcal{H}_{\epsilon}(p_{1},p_{2}, -E_{\epsilon}, q_{1}, q_{2}, t)\equiv 0\mapsto*\mathcal{H}_{hlt-2}(p_{1},p_{2},$ $-E_{hlt},$ $q_{1},$ $q_{2},$ $t\gamma$
$=v_{3}^{-1}(q_{1}, q_{2})\mathcal{H}_{s}(p_{1},p_{2}, -E_{\epsilon}, q_{1}, q_{2},t)\equiv 0$ ,
$dt\vdasharrow d\tilde{t}=v_{3}(q_{1}, q_{2})dt$ ,





$[13],[14]_{\text{ }}$ Stikel $[10]_{\text{ }}$ Hamilton (cf.
[2] $)$
i) Hamilton Stickel Hamilton








$\mathrm{i}\mathrm{i}$ ) $\mathrm{i}\mathrm{i}$) St\"ackel
v) i) $\mathrm{i}\mathrm{v}$)
$\mathrm{i}\mathrm{i})_{\text{ }}\mathrm{i}\mathrm{v}$ ) (cf. t\rightarrow 0
4St\"ackel
23 3 $\mathrm{i}$), $\cdots,$ $\mathrm{v}$)
4.1 3 Kepler
4.1.13 Kepler
i) $\mathrm{K}\mathrm{S}$ (15) Hamilton (14) Hamilton (16)
Hamilton (16) Hamilton
$\frac{dq_{k}}{d\tilde{t}}=\frac{1}{4}\frac{p_{k}}{q_{1}^{2}+q_{2}^{2}+q_{3}^{2}+q_{4}^{2}},$ $\frac{dp_{k}}{d\tilde{t}}=-\frac{1}{4}\frac{(p_{1}^{2}+p_{2}^{2}+p_{3}^{2}+p_{4}^{2})-8K^{2}}{q_{1}^{2}+q_{2}^{2}+q_{3}^{2}+q_{4}^{2}}q_{k}$ , $k=1,2,3,4(44)$
$\tilde{t}$ (44) St\"ackel
$\mathrm{i}\mathrm{i})\mathrm{i})$ St\"a&el St $\mathrm{k}\mathrm{e}\mathrm{l}$ (19) Hamilton
(16) $(q_{1}, q_{2}, q_{3}, q_{4})=(0,0,0,0)$ 1 i) Stikel
$\tilde{t}$ 4 4 Hamilton
(20) $\mathcal{M}_{\mathcal{E}}$ 4
$\frac{dq_{k}}{dt}=\frac{1}{4}p_{k}$ , $\frac{dp_{k}}{dt}=2E_{kepl}q_{k}$ , $k=1,2,3,4$ (45)
4 Stickel (22) 4
Hamilton (44) (23)
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s( $P_{k}^{(j)},$ $Q_{k}^{(j)}$ $s^{(j)}$ $P_{k}$ , $Q_{k}$
$s^{(j)},$ $P_{k}^{(j)},$ $Q_{k}^{(j)}$ $t^{(j)},p_{k}^{(j)},$ $q_{k}^{(j)}$ 4
(46) $s^{(j)}$ Hamilton (20) 0
$?l_{os\mathrm{c}}(P_{1}^{(j+1)},P_{2}^{(j+1)},P_{3}^{(j+1)},P_{4}^{(j+1)},-E_{os\mathrm{o}}Q_{1}^{(j+1)},Q_{2}^{(j+1)},Q_{3}^{(j+1)},Q_{4}^{(j+1)},t^{(j+1)})$
$=\mathcal{H}_{o\epsilon \mathrm{c}}(P_{1}^{(j)},P_{2}^{(j)},P_{3}^{(j)},P_{4}^{(j)},-E_{o\epsilon 0}Q_{1}^{(j)},Q_{2}^{(j)},Q_{3}^{(j)},Q_{4}^{(j)},t^{(j)})$
$\equiv 0$, $j=0,1,$ $\cdots$ . (47)
(47) (20) $E_{kepl}$
$E_{kepl}= \frac{1}{8}(\frac{(P_{1}^{(0)})^{2}+(P_{2}^{(0)})^{2}+(P_{3}^{(0)})^{2}+(P_{4}^{(0)})^{2}-8K^{2}}{(Q_{1}^{(0)})^{2}+(Q_{2}^{(0)})^{2}+(Q_{3}^{(0)})^{2}+(Q_{4}^{(0)})^{2}})$ (48)
$\mathrm{i}\mathrm{v})$ (49) $\tilde{s}^{(j)},j=0,1,$ $\cdots$
$\tilde{s}^{(j+1)}-\tilde{s}^{(j)}=2$ ((Q\mbox{\boldmath $\nu$}) $)$ 2+(Q2(j))2+(Q3(j )2+(Q\mbox{\boldmath $\nu$})2) $(s^{(j+1)}-s^{(j)})$ . (49)




$k=1,2,3,4$, $j=0,1,$ $\cdots$ (50)
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(49)
$\mathcal{H}_{o\epsilon \mathrm{c}}(P_{1}^{(j)}, P_{2}^{(j)}, P_{3}^{(j)}, P_{4}^{(j)}, -E_{o\epsilon 0}Q_{1}^{(j)}, Q_{2}^{(j)}, Q_{3}^{(j)}, Q_{4}^{(j)}, s^{(j)})\equiv 0$
$\vdash*\mathcal{H}_{kepl-2}(P_{1}^{(j)}, P_{2}^{(j)}, P_{3}^{(j)}, P_{4}^{(j)}, -E_{kepb}Q_{1}^{(j)}, Q_{2}^{(j)}, Q_{3}^{(j)}, Q_{4}^{(j)},\tilde{s}^{(j)})$
$=v_{1}^{-1}(Q_{1}^{(j)}, Q_{2}^{(j)}, Q_{3}^{(j)}, Q_{4}^{(j)})\mathcal{H}_{os\mathrm{c}}(P_{1}^{(j)}, P_{2}^{(j)}, P_{3}^{(j)}, P_{4}^{(j)}, -E_{os\mathrm{o}}Q_{1}^{(j)}, Q_{2}^{(j)}, Q_{3}^{(j)}, Q_{4}^{(j)},\tilde{s}^{(j)})$
$\equiv 0$ ,
$s^{(j+1)}-s^{(j)}$ $\tilde{s}^{(j+1)}-\tilde{s}^{(j)}=v_{1}(Q_{1}^{(j)}, Q_{2}^{(j)}, Q_{3}^{(j)}, Q_{4}^{(j)})(s^{(j+1)}-s^{(\mathrm{j})})$ ,
$v_{1}(Q_{1}^{(j)}, Q_{2}^{(j)}, Q_{3}^{(j)}, Q_{4}^{(j)})=2((Q_{1}^{(j)})^{2}+(Q_{2}^{(j)})^{2}+(Q_{3}^{(j)})^{2}+(Q_{4}^{(j)})^{2})$,
$j=0,1,$ $\cdots$ . (51)
(50) Hamilton $\mathcal{H}_{kepl-2}$ 0 (50) 3 Kepler
3 Kepler
1.
(48) Kepler (50) 4
KS (15) Kepler
(50) $p_{x},p_{y},p_{z},$ $x,$ $y,$ $z$ $P_{X},$ $P_{\mathrm{Y}},$ $P_{Z},$ $X,$ $\mathrm{Y},$ $Z$
$P_{X}^{(j)},$ $P_{\mathrm{Y}}^{(j)},$ $P_{Z}^{(j)},$ $X^{(j)},$ $\mathrm{Y}^{(j)},$ $Z^{(j)}$
$P_{X}^{(j+1)},$ $P_{\mathrm{Y}}^{(j+1)},$ $P_{Z}^{(j+1)},$ $X^{(j+1)},$ $\mathrm{Y}^{(j+1)},$ $Z^{(j+1)}$
4.1.2 Kepler
$\mathrm{i}\mathrm{v})$ (50) $\mathcal{H}_{kepl-2}$ 0 (50)
Theorem 2. Kepler (50) 3
a) Hamilton
$\mathcal{H}_{d-k\mathrm{e}pl}(P_{1}^{(\mathrm{j})},$ $P_{2}^{(j)}$ , P3( , $P_{4}^{(j)},$ $Q_{1}^{(j)},$ $Q_{2}^{(j)},$ $Q_{3}^{(j)},$ $Q_{4}^{(j)}$ )
$:=\mathcal{H}_{kepl-2}(P_{1}^{(j)}, P_{2}^{(j)}, P_{3}^{(j)}, P_{4}^{(j)}, -E_{kepl}, Q_{1}^{(j)}, Q_{2}^{(j)}, Q_{3}^{(j)}, Q_{4}^{(j)},\tilde{s}^{(j)})$, (52)
b)
$h_{d}$ ( $P\}^{D},P_{2}^{\mathrm{t}D}$, $(j),P_{4}^{(D},Q\nu$), $Q_{2}(j),Q_{3}(j),Q_{4}(j^{)})$






$\mathcal{H}_{d-kepl}(P_{1}^{(j)}, P_{2}^{(j)}, P_{3}^{(j)}, P_{4}^{(j)}, Q_{1}^{(j)}, Q_{2}^{(j)}, Q_{3}^{(j)}, Q_{4}^{(j)})$
$=\mathcal{H}_{kepl-2}(P_{1}^{(j)}, P_{2}^{(j)}, P_{3}^{(j)}, P_{4}^{(j)}, -E_{kepl}, Q_{1}^{(j)}, Q_{2}^{(j)}, Q_{3}^{(j)}, Q_{4}^{(j)},\tilde{s}^{(j)})$ ,
$\mathrm{h}_{d-kepl}(P_{1}^{(j)}, P_{2}^{(j)}, P_{3}^{(j)}, P_{4}^{(j)}, Q_{1}^{(j)}, Q_{2}^{(j)}, Q_{3}^{(j)}, Q_{4}^{(j)})$
$=\mathrm{h}_{kepl}(P_{1}^{(j)}, P_{2}^{(j)}, P_{3}^{(j)}, P_{4}^{(j)}, Q_{1}^{(j)}, Q_{2}^{(\mathrm{j})}, Q_{3}^{(j)}, Q_{4}^{(j)})$,
$\mathrm{e}_{d-kepl}(P_{1}^{(j)}, P_{2}^{(j)}, P_{3}^{(j)}, P_{4}^{(j)}, Q_{1}^{(j)}, Q_{2}^{(j)}, Q_{3}^{(j)}, Q_{4}^{(j)})$
$=\mathrm{e}_{kepl}(P_{1}^{(j)}, P_{2}^{(j)}, P_{3}^{(j)}, P_{4}^{(j)}, Q_{1}^{(j)}, Q_{2}^{(j)}, Q_{3}^{(j)}, Q_{4}^{(j)})$ . (55)





i) (29) Hamilton (28) Hamilton (30)
Ha lton (30) Hamilton
$\frac{dq_{k}}{dt}=p_{k}$ , $\frac{dp_{k}}{dt}=-8q_{k}^{2}-4q_{k}$ , $k=1,2$ . (56)
$t$ (56) Stikel







s( $P_{k}^{(j)},$ $Q_{k}^{(j)}$ $s^{(j)}$ $P_{k}$ , $Q_{k}$
$P_{k}^{(0)}=p_{k}(0),$ $Q_{k}^{(0)}=q_{k}(0)$ $P_{k}$ , $Q_{k}$ $p_{k},$ $q_{k}$
Henon-Heiles (57) $s^{(j)}$
Hamilton (30) 0
$\mathcal{H}_{hh-2}(P_{1}^{(j+1)}, P_{2}^{(j+1)}, -E_{hh}, Q_{1}^{(j+1)}, Q_{2}^{(j+1)}, s^{(j+1)})$
$=\mathcal{H}_{hh-2}(P_{1}^{(j)}, P_{2}^{(j)}, -E_{hh}, Q_{1}^{(j)}, Q_{2}^{(j)}, s^{(j)})\equiv 0$, $j=0,1,$ $\cdots$ (58)
(58) $E_{1,hh},$ $E_{2,hh}$















(60) $\mathcal{H}_{hh-2}$ 0 (60) Henon-Hieles
207
2. Henon-Heiles
$\mathrm{H}\mathrm{e}\mathrm{n}\mathrm{o}\mathrm{n}- \mathrm{H}\mathrm{e}\ovalbox{\tt\small REJECT} \mathrm{e}\mathrm{s}$ (60) 2
a) Hamilton
$f\ell_{d}$- ’(Pk), $P_{\mathrm{Y}}^{(j)},$ $X^{(j)},$ $\mathrm{Y}^{(j)}):=\mathcal{H}_{hh-1}(P_{X}^{(j)}, P_{\mathrm{Y}}^{(j)}, -E_{hh}, X^{(j)}, \mathrm{Y}^{(j)}, s^{(j)})$ , (61)
b)(32) $K_{2}$
$K_{2,d-hh-1}(P_{X}^{(j)}, P_{\mathrm{Y}}^{(j)},X^{(j)}, \mathrm{Y}^{(j)})$ $:=$ $2P_{X}^{(j)}P_{\mathrm{Y}}^{(j)}+4(X^{(j)})^{2} \mathrm{Y}^{(j)}+\frac{4}{3}(\mathrm{Y}^{(j)})^{3}$
$+4X^{(j)}\mathrm{Y}^{(j)}-E_{1,hh}+E_{2,hh}$. (62)
(57) (32) $K_{1},$ $K_{2}$ (29) $K_{1},$ $K_{2}$
(61) (62)
$K_{1}$ $=\mathcal{H}_{hh-2}(P_{1}^{(j)}, P_{2}^{(j)}, -E_{hh}, Q_{1}^{(j)}, Q_{2}^{(j)}, s^{(j)})$
$=\mathcal{H}_{hh-1}(P_{X}^{(j)}, P_{\mathrm{Y}}^{(j)}, -E_{hh}, X^{(j)}, \mathrm{Y}^{(j)}, s^{(j)})$ ,
$K_{2}$ $=$ $\frac{1}{2}((P_{1}^{(j)})^{2}-(P_{2}^{(j)})^{2})+\frac{8}{3}((Q_{1}^{(j)})^{3}-(Q_{2}^{(j)})^{3})+2((Q_{1}^{(j)})^{2}-(Q_{2}^{(j)})^{2})$
$=$ $K_{2,d-hh-1}(P_{X}^{(j)}, P_{\mathrm{Y}}^{(j)}, X^{(j)}, \mathrm{Y}^{(j)})$ ,
(61) (62) Henon-Heiles (60)
4.3. Holt
4.3.1. Holt
i) (35) Hamilton (34) Hamilton (36)
Hamilton (36)




$\mathrm{S}\mathrm{t}\ovalbox{\tt\small REJECT} \mathrm{c}\mathrm{k}\mathrm{e}\mathrm{l}$ $\mathrm{S}\mathrm{t}\ovalbox{\tt\small REJECT} \mathrm{c}\mathrm{k}\mathrm{e}\mathrm{l}$ (39) Hamilton
$\ovalbox{\tt\small REJECT}+q_{2}\ovalbox{\tt\small REJECT} 0$ 1 $\mathrm{S}\mathrm{t}\ovalbox{\tt\small REJECT} \mathrm{c}\mathrm{k}\mathrm{e}\mathrm{l}$ (63)
Hamilton $\mathcal{H}_{s}(p_{\mathrm{S}},p_{2}, -E_{s}, \ovalbox{\tt\small REJECT}, q_{2}, t)(40)$ $t$
Hamilton $\mathcal{H}_{s}$ Hamilton
$\frac{dq_{k}}{dt}=p_{k}$ ,
$\frac{dp_{k}}{dt}=E_{hlt}-6\alpha^{2}q_{k}^{2}$ , $k=1,2$ (64)
St\"ackel (42) Holt Hamflton (64)
(43)




$s^{(j)}$ $P_{k}^{(j)},$ $Q_{k}^{(j)}$ $s^{(j)}$ $P_{k}^{(0)}=p_{k}(0),$ $Q_{k}^{(0)}=$
$q_{k}(0)$ (65) amilton (40)
s(
$\mathcal{H}_{s}(P_{1}^{(j+1)}, P_{2}^{(j+1)}, -E_{\epsilon}, Q_{1}^{(j+1)}, Q_{2}^{(j+1)}, s^{(j+1)})$
$=\mathcal{H}_{\epsilon}(P_{1}^{(j)}, P_{2}^{(j)}, -E_{\epsilon}, Q_{1}^{(j)}, Q_{2}^{(j)}, s^{(j)}),j=0,1,$ $\cdots$ (66)











$\mathcal{H}_{\epsilon}(P_{1}^{(j)}, P_{2}^{(j)}, -E_{\epsilon}, Q_{1}^{(j)}, Q_{2}^{(j)}, s^{(j)})\equiv 0$
$\vdasharrow \mathcal{H}_{hlt-2}(P_{1}^{(j)},$ $P_{2}^{(j)},$ $-E_{hlt},$ $Q_{1}^{(j)}$ , Q2(j , $\tilde{s}^{(j)}$ )
$=v_{3}^{-1}(Q_{1}^{(j)}$ , Q2(j )H8(P7(j), $P_{2}^{(j)},$ $-E_{\epsilon},$ $Q_{1}^{(j)},$ $Q_{2}^{(j)},$ $s^{(j)}$ ) $\equiv 0$ ,
$s^{(j+1)}-s^{(j)}$ $\tilde{s}^{(j+1)}-\tilde{s}^{(j)}=v_{3}(Q_{1}^{(j)}, Q_{2}^{(j)})(s^{(j+1)}-s^{(j)})$ ,
$v_{3}(Q_{1}^{(j)}, Q_{2}^{(j)})= \frac{Q_{1}^{(j)}+Q_{2}^{(j)}}{2}$ , $j=1,2,$ $\cdots$ . (70)
(69) $\mathcal{H}_{hlt-2}$ 0 (69) Holt









$:= \frac{(P_{X}^{(j}\forall P_{\mathrm{Y}}^{(j)}}{2\sqrt{3}\alpha}+\frac{(P_{\mathrm{Y}}^{(j)})^{3}}{3\sqrt{3}\alpha}-\frac{4\alpha P_{\mathrm{Y}}^{(j)}X^{4/3}}{\sqrt{3}}-3\alpha P_{X}^{(j)}(X^{(j)})^{1/3}\mathrm{Y}^{(j)}$
$+ \frac{3\sqrt{3}\alpha(X^{(j)})^{-2/3}(\mathrm{Y}^{(j)})^{2}P_{\mathrm{Y}}^{(j)}}{8}+\frac{\delta(X^{(j)})^{-3/2}P_{\mathrm{Y}}^{(j)}}{\sqrt{3}\alpha}$ (72)
(65) $L_{1}$ and $L_{2}$ (35) $L_{1^{\text{ }}}$
$L_{2}$ (71) (72)
$L_{1}$ $=$ $\mathcal{H}_{hlt-2}(P_{1}^{(j)}, P_{2}^{(j)}, -E_{hlt}, Q_{1}^{(j)}, Q_{2}^{(j)},\tilde{s}^{(j)})$
$=\mathcal{H}_{hlt-1}(P_{X}^{(j)}, P_{\mathrm{Y}}^{(j)}, -E_{hlt}, X^{(j)}, \mathrm{Y}^{(j)},\tilde{s}^{(j)})$ ,
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